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Being motivated by the recent prediction of high-Q supercavity modes in subwavelength dielectric resonators,
we study the second-harmonic generation from isolated subwavelength AlGaAs nanoantennas pumped by a
structured light. We reveal that nonlinear effects at the nanoscale can be enhanced dramatically provided the
resonator parameters are tuned to the regime of the bound state in the continuum. We predict a record-high
conversion efficiency for nanoscale resonators that exceeds by two orders of magnitude the conversion efficiency
observed at the conditions of magnetic dipole Mie resonance, thus opening the way for highly-efficient nonlinear
metadevices.
Meta-optics governed by Mie-resonant nanoparticles has
emerged recently as a new field of nanophotonics [1], and it
is expected to complement different functionalities of plas-
monic structures in a range of potential applications [2]. All-
dielectric nanoresonators have many advantages, including
low energy dissipation into heat, that can make them func-
tional building blocks for novel low-loss photonic metade-
vices. Importantly, the existence of strong electric and mag-
netic dipole and multipole Mie-type resonances can result in
constructive or destructive interferences with unusual beam
shaping, and it can also lead to resonant enhancement of mag-
netic fields in dielectric nanoparticles that bring many novel
effects in both linear and nonlinear regimes [1].
Low-order Mie resonances are known to demonstrate rela-
tively low values of quality factors (Q factors) [2]. Neverthe-
less, recently it was revealed [3] that subwavelength nanoscale
resonators can support the localized states with high Q fac-
tors provided their parameters are closely matched to those of
bound states in the continuum (BIC) [4] formed via destruc-
tive interference of two similar leaky modes [5, 6]. A true
optical BIC is a mathematical abstraction since its realization
demands infinite size of the structure or zero or infinite per-
mittivity [7, 8]. Nevertheless, high-index dielectric nanorods
can exhibit high-Q resonances via BIC-inspired mechanism
associated with so-called supercavity modes [9].
The important question now is if those large Q factors can
enhance nonlinear effects at the nanoscale [10, 11] and how
large this enhancement can be. In this Letter, we address this
question and study the second-harmonic generation (SHG)
from isolated subwavelength AlGaAs nanoantennas. We pre-
dict a giant enhancement of nonlinear effects provided the res-
onator parameters are tuned to the regime of the supercavity
mode. The predicted record-high conversion efficiency ex-
ceeds by two orders of magnitude the largest conversion ef-
ficiency at the nanoscale demonstrated so far, opening up the
door for many important applications of nonlinear and quan-
tum nanophotonics.
First, we notice that the nonlinear optics at the nanoscale
has many important features, and it is not driven by phase
matching [12]. Optical properties of nanoscale structures are
governed by strong confinement and resonances [10]. The
field localization in dielectric nanoparticles is expected to oc-
FIG. 1: Artistic view of the second-harmonic field generated from
a subwavelength dielectric nanoparticle pumped by an azimuthally
polarized beam at the conditions of the supercavity mode.
cur near electric and magnetic Mie resonances being driven
largely by their geometric parameters [1].
Before presenting our main results, we notice that it is cus-
tomary to define the SHG efficiency as γSH = PSH/P 2FF,
where PSH is the total radiated power at second harmonic
(SH) and PFF is the pump power incident on the resonator at
the fundamental frequency (FF). As defined by this relation,
SHG conversion efficiencies in plasmonic nanoantennas up to
5× 10−10 W−1 have been demonstrated [13–15]. An impor-
tant improvement was recently possible for dielectric nanoan-
tennas where γSH v 10−6 W−1 was demonstrated [16–19]
near multipolar resonances. However, the proposed definition
of SHG efficiency does not take into account that only a per-
centage of the pump power is actually coupled to the cavity
mode. To take this issue into account, we define an intrinsic
conversion efficiency ρSH which is independent on the shape
of pump beam
ρSH =
γSH
η2
=
PSH
(ηImA)
2 , (1)
where Im is the pump power density impinging on the res-
onator, andA is the geometrical cross-section of the resonator.
The term η is the coupling coefficient between the pump beam
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2FIG. 2: Eigenmode spectrum and electric field patterns for AlGaAs disk resonator. (a) Eigenfrequencies vs. aspect ratio r/h for even modes
with n = 0 and n = 1 shown with blue and pink dotted lines, respectively. Real part of frequencies is shown by dots. Dot sizes are proportional
to the mode Q factors. (b,d) Electric field amplitude and (c,e) directivity pattern of the magnetic dipole mode and high-Q supercavity mode,
respectively.
and the resonator mode at the pump frequency. For resonator
modes with Q factors more than 10, their electromagnetic field
is indistinguishable to the profile of modes of the closed cav-
ity since the radiation losses can be treated as a weak per-
turbation. Therefore, η can be defined as the spatial overlap
integral between the electric fields of the pump beam, Ep, and
the resonator mode, Ec, at the upper resonator surface A:
η =
∣∣∫
A
E∗pEcdS
∣∣2[∫
A
|Ep|2 dS
]
·
[∫
A
|Ec|2 dS
] . (2)
Thus, the enhancement of extrinsic SHG conversion effi-
ciency γSH can be achieved via increase of efficiency of the
coupling between the pump beam and nanoresonator mode
and, independently, by enlarging the nanodisk Q factor. On
the other hand, when considering structures supporting op-
tical resonances at both SH and pump frequencies, spectral
and spatial mode overlap play an important role [16]. While
spectral overlap can be improved by tuning pump and SH fre-
quencies to coincide with some of nanodisk eigenfrequencies,
spatial overlap involves the mode matching of pump and in-
duced SH polarization fields.
We start our study from the eigenmode analysis. We ap-
ply the resonant-state expansion (RSE) method [20] that al-
lows for careful investigation of eigenmode spectrum of open
resonators. We perform RSE calculations for the AlGaAs res-
onator with a fixed permittivity ε = 10.73, which corresponds
to material dispersion at pump wavelength λ = 1550 nm (see
Supplemental Information for details). We choose the z direc-
tion as the disk axis and numerate modes by the radial index,
the azimuthal index n and parity p = 0, 1 with respect to up-
down reflection symmetry. Importantly, the RSE analysis for
different values of p and n is performed independently and
eigenmodes (resonant states) with n = 0 are rigorously di-
vided into TE (E = Eeϕ) and TM (H = Heϕ) types [21].
The spectrum of the resonant states (RS) of AlGaAs disk
resonator with respect to disk aspect ratio r/h for even (p = 0)
modes with n = 0 (TE polarization) and n = 1 is shown in
Fig. 2(a) with blue and pink dotted lines, respectively. The
RSE method is truncated by M = 16, N = 452 for n = 0
modes and by M = 16, N = 896 for n = 1 modes. Here N
is the number of basis modes with frequencies ωi lying inside
a circle of radius |ωiR/c| ≤ M , where R is the radius of the
sphere enclosing the disk.
As can be seen from Fig. 2(a), the evolution of disk spec-
trum with respect to aspect ratio reveals an infinite number
of avoided resonance crossings describing strong mode cou-
pling with the formation of high-Q states [3], which are the
hallmark of non-Hermitian systems with the presence of both
internal and external mode coupling [22]. Here, we focus on
two resonant states of the nanodisk, marked as A and B in
Fig. 2(a). The resonant state A with p = 0, n = 1 represents a
conventional magnetic dipole (MD) mode with magnetic mo-
ment oriented transversely to the z direction. The resonant
state B, with TE polarization and p = 0, n = 0, is a high-Q
3SH
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FIG. 3: SHG conversion efficiency ρSH as a function of the nanopar-
ticle aspect ratio r/h calculated by nonlinear simulations in COM-
SOL (red solid line) and analytical estimate on the model (19) (blue
dashed line). Gray area represent the full-width at half-maximum
band of the calculated SHG conversion efficiency. Lower inset: In-
tensity maps at the SH field in a longitudinal disk cross-section for
the aspect ratios of 0.675 (1), 0.71 (2), and 0.79 (3).
supercavity mode with Q = 110 associated with the BIC con-
ditions. The electric field and directivity pattern of the MD
and BIC modes are shown in Figs. 2(b-e), respectively. The
electric field of the BIC mode is symmetric with respect to
the azimuthal direction which allows to achieve good mode
matching with an azimuthally polarized pump and, accord-
ing to Eq. (2), to increase the coupling efficiency η of the
pump into the nanodisk with respect to a linearly polarized
pump [23].
To investigate the SHG response of the AlGaAs nanores-
onator, we use three-dimensional electromagnetic simulations
implemented with the finite-element method in COMSOL.
The nanodisk is suspended in a homogenous background of
refractive index 1 and the dispersion of the AlGaAs permit-
tivity is fitted from measured values [24], with losses taken
into account. The nonlinear optical response from the mate-
rial is estimated assuming an undepleted pump approximation
regime. Thus, we use two subsequent simulations: in the first
step, the linear optical response of the disk excited at FF is
evaluated, while, in the second step, we reproduce the SHG
phenomenon by excitation of the nanodisk with the nonlinear
currents induced by the FF beam. The induced second-order
nonlinear polarizabilities, P (2ω)i , are deduced from the elec-
tric fields in the cavity obtained in the first simulation step
(at FF) using the χ(2) tensor related to a material with the
zincblende crystalline structure,
P
(2ω)
i = ε0χ
(2)
ijkE
(ω)
j E
(ω)
k , i 6= j 6= k (3)
where i, j, and k stand for the x, y, or z axes. For AlGaAs,
we use χ(2)ijk = 100 pm/V [25]. Subsequently, we explore
two different scenarios. First, we use a focused linearly po-
larized Gaussian beam with a 60◦ angle of incidence with re-
spect to the disk base. Second, observing the magnetic nature
of the BIC resonance, we use a focused azimuthally polarized
beam [23] to selectively enhance optical coupling from the
pump beam. The estimated ρSH for all the analyzed scenar-
ios are listed in Table 1. As can be seen, the BIC-driven SHG
conversion efficiency achieves a value as high as 2 × 10−2
W−1. As expected, η is higher for the azimuthally polarized
pump than for the linearly polarized one due to the symme-
try of the electric field of the supercavity mode shown in Fig.
2(d). This practically means that for the same incident power
on the nanodisk cross-section, using an azimuthally polarized
beam results in an increase of about a factor of 100 in the
generated SH power PSH. Moreover, this aspect is indepen-
dent on the intrinsic conversion efficiency ρSH, which demon-
strates the same order of magnitude for different polarizations
of the pump beam.
As a reference, we compare the enhancement of the BIC-
driven SH nonlinear response to that achieved by using the
MD resonance at FF, for which many examples in the liter-
ature report a very high efficiency (see e.g. Refs. 26, 27).
Since the observed nonlinear phenomena are volumetric ef-
fects, for a fair comparison we kept the disk volume constant.
The results from the numeric SHG experiments using the MD
mode as FF are summarized in the last row of Table 1. As
can be seen, the estimated SH conversion efficiency is of the
same order of magnitude compared to previous works, see e.g.
Ref. 16, but is smaller by a factor of 100 than that achieved
by using the BIC mode at FF. Such an enhancement can be
ascribed to the increase of the Q factor of the mode at FF,
that is shown in the last column of Table 1. As expected for
second-order nonlinear phenomena, their intensities scale ap-
proximately with the factor (Q/V )2, where we use nano defi-
nition of the mode volume V [28]. In our case, since the cavity
volume is constant while the mode Q factor increases by the
factor of 10 from MD to BIC regime, a rough estimate would
indeed suggests that a 100-fold improvement of the second-
order nonlinear interaction should be expected, as found with
our numerical simulation results.
To understand the SHG enhancement driven by the BIC-
inspired supercavity mode, we analyse the value of ρSH as a
function of the nanodisk aspect ratio by tuning the FF mode on
and off the BIC condition. These calculations are performed at
a fixed pump wavelength to move exactly along the dispersion
line for the mode that is calculated and shown in Fig. 2(a). The
results depicted in Fig. 3 (with red solid curve) show that ρSH
reaches its highest value in the region corresponding to the
BIC mode condition. The dependence of ρSH on the nanodisk
4TABLE I: Enhancement of the SH response using different combinations of modes at the fundamental frequency and optical excitations. The
columns from left to right report the mode description at the FF, the polarization of the electric filed in the pump beam at the FF, intrinsic SH
conversion efficiency ρSH defined in Eq. 1, the coupling coefficient η, the wavelength corresponding to the FF, and the resonance quality factor
Q.
FF mode Polarization ρSH × 104 (W−1) η λFF (µm) Q factor
BIC Azimuthal 210 0.77 1.55 110
BIC Linear 270 0.06 1.55 110
MD Linear 1.8 0.84 2.98 10
FIG. 4: Eigenfrequencies dependence on disk aspect ratio r/h for
the FF modes with the indices p = 0, n = 0 (TE) and SH modes with
p = 0, n = 2 are shown with blue and cyan dotted lines, respectively.
Real part of frequencies is shown by dot positions. The supercavity
mode is marked with B as in Fig.2(a). Dot sizes are proportional to
the mode Q factor. Pump and SH frequencies are shown in lower and
upper horizontal scale, respectively.
aspect ratio is, from one side, due to the scaling of the Q factor
at FF and, from the other side, due to the resonant response
at the SH frequency. Indeed, the insets in Fig. 3 show that
the field profile of the SH response evolves with respect to a
change of r/h.
To illustrate further this phenomenon, we analyze the cou-
pling between the induced SH polarization and nanodisk
eigenmodes applying the RSE at the SH frequency. The elec-
tric field of the BIC mode has only one nonzero component
E
(ω)
ϕ , which does not depend on the azimuthal angle exhibit-
ing even symmetry with respect to up-down reflection, thus
Ei(r, φ, z) = −Ei(r, φ + pi, z) with i = x, y. From Eq. (3)
and the BIC mode symmetry, it follows that only RS of the
nanodisk with the indices p = 0 and n = 2 are excited at the
SH frequency.
Figure 4 shows the evolution of the nanodisk eigenmode
spectrum with respect to the aspect ratio for modes with
p = 0, n = 0 (TE) and p = 0, n = 2 calculated by means
of the RSE approach. As in Fig. 2, we perform all calcula-
tions for the pump wavelength of 1550 nm. The range of as-
pect ratios for which the calculated SHG conversion efficiency
is higher than the half-maximum of calculated the value (see
Fig. 3) is shown by a gray shadow in Fig. 4. Perfect spec-
tral matching between modes takes place when two classes of
curves overlap. Figure 4 shows that there is only one RS at
SH frequencies that can be excited by FF in the vicinity of the
supercavity mode.
Thus, we apply the temporal coupled mode theory (see Sup-
plemental Information) to estimate the SHG efficiency as a
function of the pump frequency ω
ρ˜SH = C
γSH
(2ω − ωSH)2 + γ2SH
[
γFF
(ω − ωFF)2 + γ2FF
]2
, (4)
where C is a normalization constant, ωFF, γFF, ωSH, and γSH
are the FF and SH resonant frequencies and decay rates, re-
spectively. The calculation of ρ˜SH for resonant conditions
ω = ωFF is superimposed to the simulation results in Fig. 3,
where we observe a good agreement between the two results.
In conclusion, we have presented a new strategy to in-
crease substantially the nonlinear response at the nanoscale
by employing the concept of bound states in the contin-
uum realized through supercavity modes. We have predicted
that the SHG conversion efficiency in AlGaAs nanoantennas
can be increased by at least two orders of magnitude com-
pared to earlier results, due to the mode structure engineer-
ing that allows exploiting a high-Q supercavity mode at the
fundamental frequency. These results show the great poten-
tial of Mie-resonant semiconductor nanostructures for nonlin-
ear nanophotonics, and they constitute a significant step to-
wards the development of highly-efficient frequency conver-
sion metadevices in the subwavelength circuitry.
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SUPPLEMENTAL INFORMATION
In the Supplemental Information we (i) present the rigorous
algorithm of implementation of the resonant state expansion
for dielectric cylindrical resonators and (ii) derive the equa-
tions to estimate the efficiency of second harmonic generation
using the temporal coupled-mode theory.
Resonant state expansion for dielectric cylindrical resonators
We calculate the spectrum of complex eigenfrequencies of a
dielectric cylindrical resonator by applying the resonant state
expansion [20], which represents the rigorous method of char-
acterization of spectrum for open electromagnetic systems.
We enclose the cylindrical resonator by a homogeneous di-
electric sphere with the same value of permittivity. As the
first step, we find the eigenmodes (resonant states) E(0)α and
eigenvalues ωα of the sphere solving the Maxwell’s equations
with the boundary conditions of outgoing waves
∇×∇×E(0)α (r) = ε(r)
ω2α
c2
E(0)α (r). (5)
Here ε(r) defines the dielectric sphere enclosing the cylinder
and α = i, n, l, where i is the radial index, n is the azimuthal
index and l is the orbital index. Importantly, the spectrum
of eigenmodes is discrete. Next, we use E(0)α as the basis and
expand the resonant states (RS)Ej of the cylindrical resonator
over them
Ej(r) =
∑
α
bjαE
(0)
α (r), (6)
Here mode number j = k, n, p, where k is the radial index, n
is the azimuthal index p = 0, 1 is the index of parity of mode
with respect to up-down inversion symmetry of the cylinder
Ej(x, y,−z) = (−1)pEj(x, y, z). Remarkably, cylinder RS
are not characterized by any fixed orbital index l.
Resonants states Ej can be found as a solution of the non-
Hermitian eigenvalue problem [20]
∇×∇×Ej(r) = [ε(r) + δε(r)]
Ω2j
c2
Ej(r), (7)
where δε(r) is a perturbation of permittivity that transforms a
sphere into an inscribed cylinder. The problem is reduced to
the matrix equation
1
ωα
∑
β
[δαβ + Vαβ ] b
j
β =
1
Ωj
bjα, (8)
Vαβ =
1
2
∫
dr δε(r)EαEβ . (9)
Here Vαβ defines the perturbation matrix.
The resonant state expansion represents a generalization of
the Brillouin-Wigner perturbation theory for non-Hermitian
6systems. Therefore, numerical accuracy is determined by the
size of the basis setN . We choose the basis in such a way that
for a given orbital number l, azimuthal number n and parity
we select all resonant states with frequencies lying inside the
circle |ωR/c| < M , where R is the radius of the sphere that
describes the cylinder. Since the perturbation Vαβ conserves
the axial symmetry and up-down vertical symmetry, we study
problem for each azimuthal index n and each parity p inde-
pendently.
Estimation of efficiency of second harmonic generation
In this section we derive rough estimation of second har-
monic generation efficiency ρSH. We work within the non-
depleted pump approximation when the electric field of the
second harmonic does not affect the modes at the fundamen-
tal frequency. We apply the temporal coupled mode theory to
estimate the magnitude of linear and nonlinear response.
Within this formalism we expand the incident field
Eince
−iωt over the contributions of independent channels Ep
as
Einc(r) =
∑
p
s(+)p Ep(r). (10)
Here each channel represents a mode of radiation continuum.
We assume that incident field frequency ω is in the vicinity
of frequency ωFF − iγFF of one of the resonant states. Each
channel couples to the resonant state with coupling strength
DFFp . Then the amplitude of the resonant state a is evolving
as
∂a
∂t
= −i(ωFF − iγFF)a+
∑
p
DFFp s
(+)
p . (11)
Next, we assume that we work in the resonant regime at the
second harmonic frequency, which means that 2ω is in the
vicinity frequenecy ωSH − iγSH of another resonant state.
Time dynamics of amplitude b of this resonant state is gov-
erned by the nonlinear current source J , which is determined
by the tensor of second order susceptibility χ(2)ijk. Therefore,
∂b
∂t
= −i(ωSH − iγSH)b+ a2J. (12)
The field ESHe−2iωt radiated at second harmonic frequency
can be also decomposed into contributions of independent
channels
ESH(r) =
∑
p
s(−)p Ep(r). (13)
Amplitudes s(−)p can be determined via the coupled mode the-
ory as
s(−)p = D
SH
p b, (14)
where DSH is the coupling strength between the second har-
monic resonant state and the radiation continuum channels.
Radiated power at SH can be calculated as
PSH =
c
8pik2
∑
p
|s(−)p |2 (15)
Finally, the intrinsic second harmonic generation efficiency
depends on PSH as (see Eq.1 of the main text)
ρSH =
PSH
η2P 2FF
=
c
8pik2
1
η2P 2FF
∑
p
|DSHp |2|b|2. (16)
Substituting expressions for amplitudes a and b into Eq. 16 we
get
ρSH =
c
8pik2
1
η2P 2FF
[∑
p
|DSHp |2
]
×
J2
(2ω − ωSH)2 + γ2SH
 |∑p′ DFFp′ s(+)p′ |2
(ω − ωFF)2 + γ2FF
2 . (17)
Next, we assume that only radiation channel p1 at the fun-
damental frequency and one channel p2 at the second har-
monic frequency dominates. Using the energy consumption
theorem and the reciprocity theorem one can show that
2γFF = c|DFFp1 |2, (18)
2γSH = c|DSHp2 |2. (19)
Therefore, Eq. 17 is reduced to
ρSH =
1
2pic2k2
J
∣∣∣s(+)p1 ∣∣∣2
ηPFF

2
×
γSH
(2ω − ωSH)2 + γ2SH
[
γFF
(ω − ωFF)2 + γ2FF
]2
. (20)
The coupling amplitude η defined in the text can rewritten
in terms of coefficients of the temporal coupling mode theory,
but we omit the derivation since it is cumbersome. In result,
η = N0A
c
∣∣∣s(+)p1 ∣∣∣2
PFF
, (21)
where A is the geometrical cross section of the resonator and
N0 is the numerical constant.
Finally, we arrive at Eq.4 of the main text
ρSH = C
γSH
(2ω − ωSH)2 + γ2SH
[
γFF
(ω − ωFF)2 + γ2FF
]2
.
(22)
Here we introduce the normalization constant C as
C =
J2
N1c4k2A2 , (23)
7where N1 is the numerical constant.
For results of Fig.3 of the manuscript we used exact val-
ues of resonant state frequencies and normalization C was
found phenomenologically by fitting to the shape of red curve
in Fig.3.
